DAYLIGHT ILLUMINATION ON HORIZONTAL, VERTI-
CAL AND SLOPING SURFACES*

REPORT OF THE COMMITTEE ON SKY BRIGHTNESS,

H. H. KIMBALL, Chairman

SYNOPSIS: The report summarizes sky-brightness and daylight-illumination
measurements made during the year ending April 6, 1922. For ten months the
measurements were made in a suburb of Washington that is comparatively free
from city smoke. - During the other two months, one in summer and one in winter, the
measurements were made in the smoky atmosphere of the city of Chicago.

The measurements were made as nearly as possible with the sun at altitudes
above the horizon of 0°, 20°, 40°, 60°, and 70°. From the sky-brightness measure-
ments the resulting illumination on vertical surfaces differently oriented with
respect to the sun, and on surfaces sloping at different angles and in different
dircctions, has been computed. These computed values have been utilized, in con-
nection with daylight-illumination measurements, to construct charts showing for
latitude 42° north, illumination intensities for eack hour of each day of the year
as follows:

(1) On a vertical and on a horizontal surface, from a cloudy sky.

(2) On a horizontal surface and on vertical surfaces facing the eight principal
points of the compass, from a clear sky.

(3) On a horizontal surface and on vertical surfaces facing the eight principal
points of the compass, from the sun and clear sky combined.

The illumination on sloping surfaces from skylight and from solar and skylight
combined has been summarized in tables.

The application of these data to the lighting of working space in a building
through saw-tooth roof construction is show. It is pointed out that with a clear
sky the larger proportion of the illumination should result from the reflection of
light from the outside roof surface through the window opening, rather than by the
direct transmission of skylight through the window.

With a cloudy sky the illumination on a horizontal surface is considerably more
than twice that on a vertical surface, due to the fact that the region of maximum
brightness is in or near the zenith.

With high sun, as at midday in summer, the illumination from a cloudy
sky averages higher than the illumination from a clear sky, except on a vertical
surface facing the sun. This is not the case with low sun.

The maximum illumination from a clear sky on vertical surfaces is a little in
excess of 1,400 foot-candles, and occurs on surfaces facing the sun from early June
to early September, between the hours of 8.30 A. M., and 3:30 P. M.

The minimum illumination from skylight is on a vertical surface facing away
from the sun. At Chicago in the smoky ILoop District the illumination from a
cloudless sky on such a surface averages about two-thirds the illumination at Wash-
ington on a similar surface from a clear sky.

*A report presented at the annual convention of the Illuminating Engineering
Society, Swampscott, Mass., September 28, 1922; later revised and extended.

The Illuminating Engineering Society is not responsible for the statements or
opinions advanced by contributors.
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The total (solar -+ sky) illumination generally increases on surfaces sloping
toward the south until the angle of slope reaches 20°, except with low sun during
the summer months. 7The maximum is about 11,000 foot-candles at noon in mid-
summer.

At Washington the illumination from a clear sky on both horizontal and verti-
cal surfaces varies between 150 and 6o per cent of the average values; from a
cloudy sky, between zoo and 30 per cent; from a sky partly covered with white
clouds, on a horizontal surface three to four times, and on a vertical surface two to
three times that from a clear sky; with rain falling, about half that from a cloudy
sky.

SKY-BRIGHTNESS AND DAVLIGHT-ILLUMINATION MEASUREMENTS

In a report of this committee! presented at the Rochester meet-
ing in September, 1921, the program of sky-brightness measure-
ments was outlined, and some preliminary results were given.
The program of a full year of sky-brightness measurements was
. completed on April 6, 1922. During four weeks ending with
August 13, 1921, and a second four weeks ending with February
2, 1922, the measurements were made in the city of Chicago.
During the remainder of the year they were made in a suburb of
the city of Washington that is practically free from city smoke.

As was explained in the previous report, at Washington the
photometer was mounted on a stand inside a small shelter that was
painted white on the outside and flat black on the inside. The
upper edge of the sides of the house is on a level with the center
of the elbow tube of the photometer when the latter is horizontal.
This exposure permits measurements of the illumination from
skylight on both horizontal and vertical surfaces. With a clear
sky, however, illumination measurements on vertical surfaces
have been confined to surfaces facing in azimuth o° and 45°
from the sun, as at greater azimuths the blackened inside walls
of the shelter reflect too much sunlight to the photometer.

It may be well to recall to mind some details of the sky-bright-
ness measurements. Figure I is a stereographic projection of the
half of the sky on either side of the sun’s vertical. The sun’s
position is indicated by the letter X. The horizontal straight line
represents the horizon, and above it are lines of equal altitude 10°
apart. Extending from the zenith to the horizon are azimuth
circles also 10° apart.

1 TraNsacrioNs, Illum. Eng. Soc., Oct., 1921. Vol. XVI. pp. 255-275. Mo.
Weathery Rev., Sept., 1921, 49, pp. 481-488.
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Fig. 1.—Sky brightness in millilamberts. Sun’s position indicated by X. Wash-
ington, D. C., cloudless sky, ground covered with snow.

A complete series of sky-brightness measurements consists of
three photometric readings on each of the points at 2°, 15°, 30°,
45°, 60°, 75°, and 9o° above the horizon, and on azimuth circles
0°, 45°, 90°, 135°, and 180° from the sun, covering half the sky
only. Unless the sky is cloudy the point that falls nearest the sun
on azimuth circle 0° is usually too bright to measure with the
screens at our disposal. There are therefore 102 photometric
readings in each series. In addition, with a clear sky the intensity
of the total illumination from the sun and sky is measured on a
horizontal surface, and on a surface normal to the direct solar
rays, and the illumination from skylight alone is measured on
these two surfaces and also on vertical surfaces facing 0° and 45°
in azimuth from the sun. If the sky is cloudy the illumination is
measured on a horizontal surface, and on vertical surfaces facing
0°, 45°, 90°, 135°, and 180°.in azimuth from the sun. There
are therefore eighteen photometric readings (six sets of three
readings each) in each series of illumination measurements. It is
usually a matter of chance whether the readings are on azimuth
circles to the right or to the left of the sun. Unless there is
inequality in the cloud or haze distribution, or in the character
of the earth’s surface on the two sides of the sun’s vertical, the
sky brightness on the two sides should be symmetrical.
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TABLE I.—NUMBER OF SERIES OF SKY-BRIGHTNESS MEASUREMENTS
WASHINGTON, D. C.

Solar altitude o° 20° 40° 60° 70° | Total

Clear sky.oeeseervoreiecnaes s 9 62 122 23 11 227
IThin clouds. -« .eeeesnneee oueee 2 34 36 16 joonne 88
Part]y cloudy sky.ceeeevennnne. I 21 57 24 17 | 120
C]oudy sky ..................... 6 30 26 21 4 87
RAIN OF SIHOW-veeccsecncecscancas]snancs 3 6 8]...... 17
Totaleoeeeounanonrecnnnnannns 18 150 | 247 92 32 539

CHICAGO, ILL., FEDERAL BUILDING

Solar altitude o® 20° 26° 40° 60° | Total

Clear Skyeoeeretosevtocenseasnnns 6 13 3 8 3 33
Thin cloudsS.e e vseee voevecneoerefonanee 8 5 2 6 21
Partly cloudy sky..ceceereennnens 5 Q eveeen 7 9 30
Cloudy Skyeeeceesoceceasaneenees 4 6 3 1 1 15
TOtaAleveeeeencene vnennea oo 15 36 1 18 19 99

UNIVERSITY OF CHICAGO

Solar altitude o® 20° 29° 40° } 60° | Total

Clear skyeeececeeeactanseranonnns 2 11 3 9 10 35
Thin clotudseeee coe sovcsccrce caclocees 9 5 2 2 18
Partly cloudy sky..cceeeeeceeenns 6 4 {ecee-s 5 6 21
Cloudy Sky.eeeoeeeserenrascennns 2 7 2 b 1 13
Totaleeeeeereceeeeeeasnannnns 1o 31 10 17 19 87

The attempt is made to obtain complete series of sky-brightness
and illumination measurements when the sun is 0°, 20°, 40°, 60°,
and 70° above the horizon. On account of the length of the day
the readings at 0° and 20° solar altitude are generally omitted in
midsummer, and in winter the sun does not reach an altitude
much in excess of 40°. In fact, at the Federal Building, Chicago,
in January, the average altitude of the sun at the time of making
the noon readings was 26°, and at the ‘University of Chicago, at
the end of January and early in February it was 29°. When rain
was falling, only sky-brightness measurements up to an altitude
of 60° could be made by pointing the photometer out of a window.

Table I gives the number of series of sky-brightness measure-
ments obtained at Washington and Chicago with the sun at the
altitudes indicated and with the different types of sky. In all




TABLE II.—AVERAGES OF SKY-BRIGHTNESS MEASUREMENES EXPRESSED
IN TERMS OF ZENITH BRIGHTNESS. WASHINGTON, D. C.

Point in sky where brightness was measured

Zenith
Solar Azi- Altitude bright-
altitude | puth ness
f;g’: 2° 15° 30° 45° 60° 75° 90° | mL.
CLEAR SKY, WINTER
0% vann.. 0 [12.66 | 9.61 | 4.33 | 2.40 | 1.44 | 1.15 | 1.oo | 27.I
45 | 4.40 | 4.76 | 2.83 | 1.98 | 1.36 | 1.15
9o | 2.43 | 2.76 | 2.08 | I.47 | 1.20 | I.10 %
135 | 2.99 | 3.43 | 2.41 | 1.58 | 1.17 | 1.03
180 | 3.83 | 4.20 | 2.74 | 1.77 | 1.25 | 1.08
20%...... 0 [23.52 [eeesns 9.78 | 4.27 | 2.26 | 1.42 | 1.00 281

45 | 8.9t | 5.54 | 3.76 | 2.57 | 1.75 | 1.27
9o | 3.95 | 2.60 | 1.69 | 1.30 | 1.10 | T.06
135 | 3.92 | 2.34 | 1.42 | 1.01 | 0.87 | 0.88
180 | 4.38 | 2.55 | 1.42 | 0.99 | 0.81 | 0.79

40%.e... 0| 829 | 6.81 | 9.44 jeeeee- 2.72 | 1.s3 | I.00 544
45 | 4.56 | 3.45 | 2.77 | 2.21 | 1.76 | 1.36
go | 2.62 | 1.66 | 1.12 | 1.00 | 0.89 | 0.95

135 | 2.51 | 1.33 | 0.82 | 0.68 | 0.66 | 0.75

180 | 2.96 { 1.44 | 0.81 | 0.60 | 0.58 | 0.69

CLEAR SKY, SUMMER

20%. ..., 0 |21.10 |evenes 10.85 | 4.06 | 2.34 | 1.40 | 1.00 400
45§ 7.72 | 5.90 | 3.91 | 2.74 | 1.94 | 1.31
go | 3.42 | 2.81 | 1.78 | 1.35 | 1.07 | 1.14

135 | 2.48 | 1.86 | 1.23 | 0.83 [ 0.72 | 0.82

180 | 2.85 | 2.13 | 1.19 | 0.85 [ 0.74 | 0.76

40%cune. o 735|619 | 843 [-+---. 2,75 | 1.58 | 1.00 803
45 | 4.15 | 3.13 | 2.69 | 2.45 | 1.88 | 1.42
go | 2.13 | 1.41 | 1.13 | 0.97 | 0.99 | I.04

135 | 1.74 | 1.13 | 0.74 | 0.60 | 0.62 | 0.74
180 | 1.83 | 1.11 | 0.68 [ 0.54 | 0.53 | 0.68

60%.caesn o] 208 | 1.74 | 1.84 | 2.51 [ece... 1.65 | 1.00 {1,650
45 | 1.74 ) 1.53 | 1.30 | 1.53 | 1.67 | 1.41
go| 1.16 | 0.88 [ 0.72 { 0.74 | 0.88 | 0.99

135 | 0.95 | 0.61 | 0.47 | 0.50 | 0.58 | 0.75

180 | 1.00 | 0.64 | 0.47 | 0.50 | 0.54 | 0.72

70%. .aenn o] 145 | 1.29 | 1.13 | 1.60 | 3.30 |+ees.n 1.00 |2,300
45 | 1.25 | o.90 | 0.89 | 1.07 | 1.33 | 1.53
go | 0.77 | 0.65 | 0.56 | 0.54 | 0.62 | 0.89

135 | 0.62 | 0.42 | 0.37 | 0.38 | 0.44 | 0.66

180 { 0.58 | 0.39 | 0.3 | 0.31 j 0.41 | 0.61

CLOUDY SKY, WINTER

20%.eeaen 0} 0.39 |059 [o080 | 093 {1.03 | 1.04 | 1.00 989
45 | 0.40 | 0.55 [ 0.67 | 0.84 | 0.97 | 0.97
go | 0.31 | 0.56 | 0.68 | 0.81 | 0.90 | 0.92 | Max.—2 21y

135 | 0.31 | 0.49 | 0.66 | 0.80 [ 0.86 | 0.94 ’

18 | 0.32 { 0.54 | 0.67 | 0.83 | 0.94 [ 0.98 Min.=2435
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there are about 55,000 photometric readings of sky brightness
and 9,000 photometric readings of illumination intensity at Wash-
ington and 19,000 and 2,200, respectively, at Chicago.

In Tables II and III are summarized the sky-brightness meas-
urements made at Washington and Chicago, respectively, during

TABLE IIL.-—AVERAGE OF SKY-BRIGHTNESS MEASUREMENTS EX-
PRESSED IN TERMS OF ZENITH BRIGHTNESS. CHIgAGO, ILL.

Point in sky where brightness was measured.

Zenith
Solar bright-
Place alti- | Azi- Altitude ness
tude {muth
from

sun | 2° | 15° | 30° | 45° | 60° | 75° | 9o° | mlL.

CLEAR SKY, WINTER.

University . . .. . o° 9.80 | 8.04 | 367 | 2.03 | 1.38 | 1.08 | 1,00 19.4
.06 | 2.14 | .50 | 1,13 | 0.87

o
45
go | Loz | 236 | 1.79 | 1.46 | 1.29 | 1.07
5

13! 1.31 | 246 | 1.84 | 1.47 | 1.18 | 0.78
180 | 0.80 | 2.84 | 3.34 | 1.64 | 1.22 | 0.96
Federal Building . . o o |18 | 4.4 [ 400 | L21 | 1.48 | 1.13 | 100 19.7
45 | 0.85 | 2.11 | 2.04 | 1.54 | 1.36 | 1.10
9o | 0.80 x.zg 1.27 | .24 | 1.03 | 0.99
135 | 0.88 | L.8 1.00 | 1.43 | 1.05 | 1.08
180 | .11 | 2.12 | 1.85 } 1.66 | 1,25 | 1.09
University . . . .. 200 01638 |. . .] 918 435 |21 | 132 fxoo | us
45 | 6 5.00 | 3.59 | 2.58 | 1.93 | 1.33
90 | 2.51 | 2.22 | .59 | I.30 | 1.40 | 1.05
135 | 2. 1.50 | 1.25 | 0.98 | 0.95 | 0.85
180 | 2.03 | 1.75 | 1.14 | 0.89 [ 0.72 | 0.77
Federal Building . .| 20° o13.56 |. . .] 986 | 437 |2.34 | 1.s5s | 1.00 | 340

45| 5.30 | 487 | 3.37 | 2.59 | 1.96 | 1.36
90 | 1.68 | 1.93 | I.70 { L35 { 1.3 | 1.00
135 | 1.24 | 1.27 | 1.01 | 0.75 | 0.66 |0 72
180 | 1.32 | 1.45 | 1.08 | 0.79 | 0,72 | 0.82

University . . . . . 29° o {13.65 (18.80 {. . .| 3.72 | 2.61 { L.37 | 1.00 433
45| 5.32 | 411 | 3.50 | 259 | 1.92 | 1.32
90 .96 | 1.49 | 1.07 | 1.02 | 1,03
xgg 1.89 | 1.6 101 {082 |o0.71 | 0.78

2.13 | 1.7 1.0 | 0.82 j0.77 | 0.71

Federal Building . .| 26° o 7.81 {15.73 {12.14 | 4.96 | 2.44 | 1.46 { 1.o0 | sII
45| 3.84 | 4.12 | 4.02 | 2.85 | 2.04 | 0.94
go [ 0.95 | 1.20 | 1.39 | 0.93 | 0.79 | 100
135 [ 0.73 | 0.72 | 0.73 | 0.73 | 0.73 | 0.89
180 [ 0.65 | 0.80 | 0.70 | 0.58 | 0.63 | 0.75

CILOUDY SKY, WINTER.

University . . . . . 20° ol o029 }o052]08 | 106 |107]|1.08] 100 614
45 | 0.30 | 0.47 | 0.73 | 0.89 | 0.96 | 0.99

go | 0.29 | 0.41 | 0.63 | 0.86 ! 0.01 | o. Max.=1,074
135 | 0.30 | 0.42 | 0.58 | 0.71 | 0.
180 | 0,25 | 0.37 | 0.56 | 0.73 | 0.94 | c.01 Min.=84

Federal Building . .| 20° 0|038 056|083 102} 1231]r13 100 500

45 | 0,33 | 0.61 | 0.56 | 0.78 | 0.93 | L.10
90 | 0.42 | 0.64 | 0.74 | 0.92 | 1.00 | I.10 | Max.=1.034
135 | 0.34 | 0.43 | 0.60 | 0.98 | 1.13 | 1,08
180 | 0.33 | 0.56 | 0.80 | 0.84 | 0.70 | 0.93 Min.=132
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TABLE III. (CONTINUED)—AVERAGE OF SKY-BRIGHTNESS MEASURE-
MENTS EXPRESSED IN TERMS OF ZENITH BRIGHTNESS
CHICAGO, ILL.

Point in sky where brightness was measured

Zenith

Solar bright-

Place, alti- | Azi- Altitude ness
tude |muth
from

sun 2° 15° | 30° | 45° | 60° | 75° | 9o mI,.

CLEAR SKY, SUMMER

University .. . . . . 80 o|12.29 {. . 5.64 | 2.37 | 1.18 { 1.19 | 1.00 231
5.46 | 5.09 | 2.65 | 1.83 | 1.17 o.c)g
90 | 3.43 | 2.37 | 1.35 | 1.07 | 0.95 | 0.7
135 | 2.62 | 2.18 | 1.36 | 0.96 | 0.72 | 0.84
180 | 2.73 | 2.69 | 1.64 | 0.91 | 0.79 | 0.86
Do ........ 20° o [14.35 . .|11.44 | 507 | 271 | 1.62 | 1.00 528
45 | 591 | 5.04 | 3.88 | 2.62 | 1.86 | 1.32
go | 2.77 | 2.26 | 1.61 | 1.25 | 1.09 | 1.04
135 | 1.69 | 1.60 | 1.04 | 0.73 | 0.68 | 0.72
180 | 1.58 | 1.78 | 1.04 | 0.71 | 0.64 | 0.70
Federal Building. .| 20° o |15.08 |13.73 [13.58 | 6.19 | 2.79 | 2.20 | 1.00 419
45 | 4.76 | 4.81 [ 4.54 [ 3.27 | 1.97 | 1.37
go | 1.65 | 1.56 | 1.32 | 1.06 | 0.9I | 0.90
135 { 1.50 | 1.5 { 0.9I | 0.73 | 0.71 | 0.80
180 [ .20 | 1.13 | 0.76 | 0.54 | 0.55 | 0.59
University . .. .. 40° ol 629|567 728 2.66 | 1.63 | 1.00 810

45| 3.72 | 3.07 | 2.70 | 2.57 | 2.16 | 1.49
90 | 1.68 | 1.41 | 1.15 | 1.09 | 0.96 | 0.98
135 | 1.73 | 1.05 [ 0.77 { 0.73 { 0.72 | 0.83
180 | 1.26 | 0.97 [ 0.61 | 0.48 [ 0.50 | 0.62

Federal Building. .| 40° ofl450|5561635)...]|323!|196] 1.0 900
45 | 1.51 | 3.09 | 3.38 | 2.69 | 2.17 | 1.37

. X c. 095 {. ..
135 | 0.67 | 0.57 { 0.49 | 0.43 | 0.49 | 0.70
180 | 0.97 | 0.78 | 0.51 | 0.41 | 0.47 | 0.68

University .. . . . .| 60° o175 | 1.88 | 206 | 244 [. . .| 1.67 | 1.00 | 1920
451 1.32 | .23 | 1.25 | 1.38 | 1.52 [ 1.30
90 [ 0.84 } 0.72 | 0.64 | 0.82 | 0.88 | 0.88
135 | 080 | 0.69 [ 0.52 | 0.52 [ 0.63 | 0.82
180 | 0.65 | 0.55 | 0.45 | 0.50 | 0.50 | 0.66

Federal Building. .| 60° 0]|1.63 | 1.8 | 219 [3.24 |.. .| 183 | 108 1360
45 § 1.36 | 1.33 | 1.1X | 1.54 | 1.36 | 1.40
go| 0.94 | 0.67 | 0.61 | 0.58 | 0.72 | 1.09
135 | 0.96 {069 {056 |. . .lo63 |.. .
180 | 1.00 | 0.63 | 0.39 | 0.38 | 0.43 | 0.60

summer and winter months with a cloudless sky, and during
winter months with the sun 20° above the horizon and the sky
covered with clouds. It will be noted from Table I that at Chi-
cago most of the sky-brightness measurements with a cloudy sky
were obtained when the sun was at an altitude of 20°.
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Fig. 2.—Sky brightness in millilamberts. Sun’s position indicated by X. Federal
Building, Chicago, Ill., cloudless sky with dense smoke.

Referring again to Figure 1, the irregularly curved lines are
lines of equal brightness that have been drawn to represent the
brightness of the sky at Washington on the morning of February
17, 1922, with the sun at an altitude of 20°, and the ground
covered with newly fallen crusted snow. The figures on the left
above the sun represent the brightness of the sky with reference
to the zenith brightness; the figures on the right and at the bottom
of the figure, the brightness of the sky in millilamberts. The sky
90° from the sun and in his vertical was a deep blue and unusually
dark. Near the horizon it was unusually bright on account of the
reflection of light to the atmosphere from the snow surface, and
especially beyond 9o° in azimuth from the sun.

Figure 2 shows the brightness of the sky as measured from the
top of the dome on the Federal Building, Chicago, Ill,, on the
morning of January 16, 1922, with no clouds in the sky, but heavy
smoke in the lower atmosphere. The sun was at altitude 20°,
and the ground was covered with snow, as was the case at Wash-
ington on February 17, but the snow was not clean. Compared
with Figure 1, Figure 2 gives a brighter zenith, a point of mjni-
mum that is less bright, and a horizon beyond azimuth go°® from
the sun only about one-fourth as bright.
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Fig. 3.—Sky brightness in millilamberts. Sun’s position indicated by X. Wash-.
ington, D. C., sky covered with dense haze.

Figure 3 represents the sky brightness at Washington on the
morning of July §, 1921, with the sky covered with dense haze,
but without clouds, and the sun 40° above the horizon. The
sky is much brighter than a clear blue sky, except near the horizon
opposite the sun.
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Fig. 4.—Sky brightness in millilamberts. Sun’s position indicated by X. Wash-
ington, D. C., sky covered with dense clouds.

Figure 4 represents the mean of all the sky-brightness measure-
ments at Washington with the sun 40° above the horizon, and
the clouds so dense that neither blue sky nor the sun could be
seen. The brightest point is near the zenith, and there is little
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variation in brightness with azimuth. The zenith and in general
the sky opposite the sun is brighter when covered with clouds
than when clear, but near the horizon and in the vicinity of the
sun the clear sky is mtch the brighter. Thin clouds, and clouds
that partly cover the sky, increase its brightness much the same
as does haze.

ILLUMINATION FROM SKYLIGHT ON HORIZONTAIL AND
VERTICAL SURFACES

During the past year the energies of the committee, aside from
the observational work, have been directed principally to com-
puting from the clear-sky-brightness measurements, as summar-
ized in Tables II and III, the resulting illumination on vertical
surfaces facing in azimuth 70°, 9o°, 135°, and 180° from the sun.
The process is a simple one. As explained in the 1921 report,?

TABLE IV.—ILLUMINATION FROM SKYLIGHT, WASHINGTON, D.C.

On vertical surface
On
Solar hori- | Azimuth between normal to surface and sun’s
altitude | zontal azimuth Zenith
surface Mean | bright-
o° } 45° 70° 90° 135° 180° ness
Foot-candles ml,.
CLOUDY SKY
. ... . 15.2 5.6 58]. ... 6.4 6.7 7.1 6.3 15.8
2020 .. .| 1% 298 280 |, ..] 273 273 272 279 989
41.0% . . .| 1595 614 608 |....| 615 622 606 613 | 2,000
61.40. . . .| IS0 881 M1 |.. .. 977 932 9129 932 | 3,600
71.4%. . . .| %950 1,142 1,103 e ..} u8 1,122 1,203 1,138 4,840
CLEAR SKY, SUMMER
200 .. .. 840 1,252 1.028 8o3 526 316 293 e 400
40° . 1,340 | I454 | 1,325 932 686 417 358 f....1 8oz
60° 1,600 | 1,420 | I,255 923 781 559 486 1. .. .| 165
70° 1,600 | 1,291 | 1,074 903 754 542 475 f. .. .] %300
CLEAR SKY, WINTER
© ... 67.8 64.6 | 63.7 .. 3°v6‘ 30.2 350, . .. 27.1
2° . ..l 683 | 1042 873 562 393 265 257 [....| 281
40° . .. .| 977 | M2t 936 690 505 335 295 [.. .l 544

3 TrANS., Ilum, Eng. Soc., Vol. XVI, p. 267; Mo. Weather Rev., Sept., 1921, 49, p. 48s
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the sky is divided into zones of équal angular width about a point
on the horizon go° in azimuth from the illuminated surface, and
the horizontal component of the illumination from each zone is
determined. The sum of the illumination from all the zones
gives the total skylight illumination on the vertical surface.

Table IV summarizes the results of these computations from
Washington measurements, and also the illumination measure-
ments, for both clear and cloudy skies. The cloudy-sky measure-
ments have been confined to skies with so dense a cloud layer
that the position of the sun could not be seen. No seasonal
variation in the illumination intensity is apparent. With clear
skies the computations have been made for both midsummer
(June to August) and midwinter (December to February) con-
ditions.

These data have been plotted on Figure 5 (summer conditions)
and Figure 6 (winter conditions) with the solar altitude as ab-
scissas and illumination intensities as ordinates. By interpolating
between the curves it is possible to determine the illumination
intensity for both summer and winter conditions on a vertical
surface facing at any desired azimuth from the sun, and with the
sun at any desired altitude. For spring and fall months a straight-
line interpolation has been made between winter and summer
values.

Measurements with the sun on the horizon were made during
the winter months only, and these measurements have been used
for summer as well. With the sun at altitudes 20° and 40° it will
be noted that the zenith brightness in winter is approximately
70 per cent of the corresponding brightness in summer. ‘The per-
centage of winter to summer illumination is somewhat greater
than this, since the brightness of the sky near the horizon in
terms of the zenith brightness is greater in winter than in summer.

In the Monthly Weather Review for November, 1919, 47, pp.
770-771, are given the altitude and azimuth of the sun for the
21st day of each month and for even-hour angles of the sun from
the meridian, for latitudes 30°, 36°, 42°, and 48° north. Using
the azimuths and altitudes for latitude 42° N., in connection with
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Fig. 5.—Curves of summer skylight illumination intensity on different surfaces.
Curve I. Clear sky. Vertical surface facing o0° in azimuth from sun.
Curve II. Clear sky. Vertical surface facing 45° in azimuth from sun.
Curve III. Clear sky. Vertical surface facing 70° in azimuth from sun.
Curve IV. Clear sky. Vertical surface facing 90° in azimuth from sun.
Curve V. Clear sky. Vertical surface facing 135° in azimuth from sun,
Curve VI. Clear sky. Vertical surface facing 180° in azimuth from sun.
Curve VII. Clear sky. Horizontal surface.

Curve VIII. Cloudy sky. Horizontal surface. (Note: Double the intensity
scale).
Curve IX. Cloudy sky. Vertical surface.

the illumination intensity curves of Figures 5 and 6, Figures
7 to 18 have been drawn. Latitude 42° N. was selected be-
cause many important industrial districts are near this latitude,
and also because measurements made at Washington, latitude
38° 56’ N., and Chicago, Ill., latitude 41° 53’ N., represent
fairly well the sky brightness at this latitude east of the Mis-
sissippi River. Farther west the clear sky is generally a deeper
blue and not so bright. Probably clear skies average brighter
in low than in high latitudes, especially in winter. This con-
clusion is supported by Little’s measurements made near Key
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Fig.

West, Fla., in February, 1918, which give for the zenith sky
brightness w1th the sun at altitudes averaging 22.8°, 42°, and
390, 780, and 1,1 50 millilamberts, respectively; while meas-
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6.—Curves of winter skylight illumination intensity on different surfaces.
Curve L. Clear sky. Vertical surface facing 0° in azimuth from sun.
Curve II. Clear sky. Vertical surface facing 45° in azimuth from sun.
Curve III. Clear sky. Vertical surface facing 70° in azimuth from sun.
Curve IV. Clear sky. Vertical surface facing 90° in azimuth from sun.
Curve V. Clear sky. Vertical surface facing 135° in azimuth from sun.
Curve VI. Clear sky. Vertical surface facing 180° in azimuth from sun.
Curve VII. Clear sky. Horizontal surface.

usements made by him from a ship off Long Island, N. Y., in

October, 1917, give for the sky brightness with solar altitudes
averaging 20.8°, and 41.2°, 296 and 495 millilamberts, respec-
The latter are somewhat lower readings than those ob-
tained at Washington in winter with similar solar altitudes, while

tively.

the

Key West measurements are considerably higher.
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Fig. 7.—Variations in skylight illumination on vertical surfaces differently
oriented at latitude 42° north on July 21. Cloudless sky. Foot-candles.
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Fig. 8.—Illumination from a cloudy sky on a vertical surface at latitude 42°
north. Foot-can dles.
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Figure 7 shows the variations with the hour of the day in sky-
light illumination on vertical surfaces, such as the walls of build-
ings, differently oriented, on July 21, at latitude 42° N. with a
clear sky. The maximum illumination is, of course, on a vertical
surface facing the sun. It faces about east-northeast at sunrise,
east at about 7:30 A. M., south at noon, west at about 4:30 P. M.,
and about west-northwest at sunset. The minimum illumina-
tion is on a vertical surface facing 180° in azimuth from the sun,
or about west-southwest at sunrise, west at about 7:30 A, M,,
north at noon, east at about 4:30 P. M., and about east-southeast
at sunset. Taking into consideration the hours between 7 A. M.
and 5 P. M., which cover the usual working day, in the morning
vertical surfaces facing northwest are most unfavorably oriented
for illumination from a clear sky, and in the afternoon vertical
surfaces facing northeast. On the other hand, surfaces facing
northwest are favorably oriented for skylight illumination in the
afternoon, and those facing northeast, in the morning.

From Table IV and Figures 8, g and 10 we derive the follow-
ing:

(1) With a cloudy sky the illumination on a vertical surface
is practically independent of the orientation of that surface.

(2) With a cloudy sky the illumination on a horizontal sur-
face is considerably more than twice that on a vertical surface,
due to the fact that the point of maximum brightness of a cloudy
sky is in or near the zenith.

(3) With high sun, as at midday in summer, the illumination
from a cloudy sky exceeds that from a clear sky except on verti-
cal surfaces facing the sun. This is not true with low sun, how-
ever.

The eight figures, 11 to 18, inclusive, give the illumination
from clear skies on vertical surfaces oriented as indicated. Were
it not for the fact that clear skies in July, August, September,
October, and November, are on the average whiter and therefore
brighter than clear skies in May, April, March, February, and
January, respectively, the lines of equal illumination intensity
would be nearly symmetrical on each side of a vertical line repre-
senting June 21. ’
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Fig. 11—Illumination from a cloudless sky on a vertical surface facing north
at latitude 42° north. Foot-candles.

DEC_ JAN FEB  MAR APR MAY JUNE JULY AUG  SEPT OCT _ NOV_ DEC

‘: // AT : \\\\ ~
Z, 7 NI
7 2N\ (
JINNaZN YNV /3
SNNNNNNY)))) Za=
§f»\\\f§\“\§t§2j//7,@//
» A
- \%,%Ezggé gd

: S

Fig. 12.—Illumination from a cloudless sky on a vertical surface facing northeast,
A. M., or northwest, P. M., at latitude 42° north. Foot-candles.
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Fig. 13.—Illumination from a cloudless sky on a vertical surface facing east,
A. M, or west, P. M., at latitude 42° north. Foot-candles

DEC." JAN. FEB. MAR.  APR MAY JUNE JULY AUG SEPT  OCT NOV  DEC
[

J——

AM&”‘\ \ )\
i
\

N

\

z

= e
”~ rd

g

~

: AV.dRaN A
NSNS AER=Z))Y

E. N /9// =
Z ~ 5 4/ =
i v

g .
g

=

Fig. 14.—Illumination from a cloudless sky on a vertical surface facing south-
east, A. M. or southwest, P, M., at latitude 42° north. Foot-candles.
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west, A. M., or southeast, P. M., at latitude 42° north. Foot-candles.
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Fig. 17.—Illumination from a cloudless sky on a vertical surface facing west,
A. M., or east, P. M., at latitude 42° north. Foot-candles.
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These figures, like Figure 7, show the low intensity of clear-sky
illumination during the morning hours on a vertical surface
facing northwest and during the afternoon hours on a vertical
surface facing northeast. The maximum illumination, slightly in
excess of 1,400 foot-candles, occurs late in August and in early
September at midday, on a vertical surface facing south; from the
end of July to the latter part of September, on a vertical surface
facing southeast at 10 A. M., and southwest at 2 P. M., and from
early in June to the middle of August, on a vertical surface facing
east at 8:30 A. M., and west at 3:30 P. M. Illumination on a verti-
cal surface facing north is good throughout the day in summer
but poor in winter.

In the report for 1921* it was shown that at the Federal Build-
ing, Chicago, which is in the smoky Loop District, the illumina-
tion on a vertical surface facing 180° from the sun is only about
two-thirds as intense as at Washington, while at the University
of Chicago the sky-brightness and the illumination measurements
differ but little from the corresponding Washington measure-
ments. Table V gives a summary of comparisons between Wash-
ington and Chicago illumination measurements on a horizontal
surface, and on a vertical facing 180° from the sun, under winter
conditions.

TABLE V.—RATIO, CHICAGO/WASHINGTON ILLUMINATION FROM
WINTER SKIES

ON HORIZONTAX, SURFACE

Federal Building University of Chicago
i Clear [Cloudy : Clear [Cloud:
Solar altitude xy | sky Solar altitude poan skyy
0% eiteenanie aveannns 0.49 | 0.90 f| 0%ccuet venennnnn, 0.48 | 0.69
20% ciiiiiiee erenian 1.05 | 0.77 }120% cenae cannaiinnn 1.03 | 0.56
26° taie e i e 084 | 082 120°.... ...ieiein.n. 1.14 | 0.76

ON VERTICAL, SURFACE FACING 180° FROM THE SUN

0% cet teinnrenenceeeal 042 | 085 0.0 ot iieiiill| 0.46 | 0.55
20 cieiit ceveieeeuann 0.69 | 0.54 [[20°-... . ..e..ic.. ] 0.84 | 0.56
26%. eeiiiiiien ceenen 0.62 | 0.88 [[2g°-..cuiit ciunnln. 0.97 | 0.98

4+ Mo. Weather Rev., Sept., 1921, 49, p. 482 and p. 486.
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The darkening effect of the smoke is rather more pronounced
in winter than in summer on a vertical surface facing away
from the sun. The effect is slight at both seasons of the year on
surfaces facing the sun when no clouds are present, except when
the sun is near the horizon. The effect is closely related to the
velocity of the wind. With light wind, and especially when the
sky is covered with clouds, the smoke sometimes forms a cover
or blanket of great thickness which cuts off practically all the day-
light. A dark day results, and artificial lighting is necessary out-
doors as well as in. No such days are included in the sky-bright-
ness measurements for Chicago here considered, although on
January 4, with the sun 20° above the horizon, the zenith bright-
ness was only 150 millilamberts, and 2° above the horizon it
averaged only 37 millilamberts, while a measurement of the illumi-
nation on a horizontal surface gave only 34 foot-candles. A com-
parison with the corresponding data of Table IV shows that the
zenith brightness was 15 per cent and the illumination on a hori-
zontal surface 5 per cent that for Washington with average
cloudy conditions and the sun 20° above the horizon, The meas-
urements show that the smoke cloud varied greatly in intensity
during the period of observation,

With a cloudless sky, and solar altitude 20°, in winter the in-
tensity of direct solar illumination at normal incidence at Chi-
cago averages about half the intensity at Washington; in summer,
in the Loop District, with solar altitudes 20° and 40°, about
three-fourths as intense.

At Washington, with a clear sky, the illumination measure-
ments on both a horizontal and on a vertical surface vary be-
tween 150 per cent and 6o per cent of the values given in Table
IV. With a cloudy sky the variation is between 200 and 30 per
cent. When rain is falling, the illumination is about half as great
as the average for cloudy skies; with a sky partly covered with
clouds, the illumination on a horizontal surface may be from
three to four times as intense, and on a vertical surface two to
three times as intense, as the corresponding illumination from a
clear sky given in Table IV.
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From seasonal averages of sky brightness for Davos Platz,
Switzerland, given by Dorno,® it appears that when expressed in
terms of the zenith brightness the sky at Davos Platz opposite the
sun is brighter than at Washington. The zenith brightness in
winter averages more than 50 per cent brighter, and in summer
a few per cent less bright at Davos Platz than at Washington.
On the whole, Davos Platz skies when free from clouds are
brighter in winter and less bright in summer than at Washington.
Probably the increased brightness in winter is due in part to re-
flection of light from the snow-covered surface.

TOTAL SOLAR AND SKY ILLUMINATION
In the Monthly Weather Review for November, 1919, 47, p.
785, Table XIV, are given the illumination equivalents of solar
energy expressed in heat units, with the sun at different altitudes.
These equivalents were derived from simultaneous readings made
at Mount Weather, Va., in 1913-14, with a pyrheliometer and a
photometer. The photometer had its uncompensated test plate
exposed horizontally, and the error, due to the oblique angle at
which the sun’s rays were received, was unknown.
TABLE VL—ILLUMINATION EQUIVALENT OF I GRAM-CALORY PER

MINUTE PER SQUARE CENTIMETER OF SOLAR ENERGY
WITH THE SUN AT DIFFERENT ALTITUDES

Airmass.. . .| 1.06 | 1.10 | 1.50 | 2.00 | 2.50 [ 3.00 | 3.50 | 4.00 } 4.50 | 5.00 | 5.50
Solar altitude | 70 | 65 | 4297 | 30% | 2395 | 1993 | 16%4 | 14°3 | 1296 | 11°3 | 1oP2
Foot-candles . |7,040 |7,020 | 6,880 (6,740 [6,650 6,580 |6,520 | 6,460 |6,410 |6,370 |6,320

In the measurements made at Washington in 1921-22 a com-
pensated test plate was used, and the certificate furnished by the
Electrical Testing Laboratories, New York, shows no appreciable
error due to an obliquity in the angle of incidence of the sun’s
rays., Illumination intensities were measured with the test plate
horizontal and also normal to the incident solar rays, but the
latter measurements were given twice the weight of the former.
Comparison of these measurements with simultaneous pyrhelio-
metric measurements give the illumination equivalents of Table
VI. These are considerably higher than the equivalents deter-
mined at Mount Weather, and particularly with low sun, as one

would expect.

5Dorno, C. Himmelshelligkeit, Himmelspolarisation und Sonnenintensitit in Davog
1911 bis 1918. Veréffentlichungen des Preusischen Meteorlogischen Instituts., Nr.
303. Abhandlungen Bd. VI, Tabellen 4A und 6.
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19.—Total daylight illumination on a horizontal surface with a cloud-

less sky at latitude 42° north. Foot-candles.

By means of the equivalents of Table VI and the solar radiation
intensity at normal incidence for latitude 42° N., given in the
number of the Review above quoted (p. 773, Table Va), the
solar illumination intensities of Table VII have been obtained.

TABLE

VII.—SOLAR ILLUMINATION INTENSITY AT NORMAL INCIDENCE AT
[LALITUDE 42° NORTH, WITH A CLOUDLESS SKY (EAST OF
THE MISSISSIPPI RIVER)

Hour angle of sun from meridian

Day [ 1 2 3 4 5 6 7
7300 | 6640 | 5190 | 2460 |eceeie]eennaianann.
78g0 | 7290 | 6040 | 3760 l.eoilviii.elst,
9040 | 8440 | 7450 | 6140 | 2460 |.eveie]auen.n

9110 | 8710 | 7910 | 6700 | 4650 | 720 |......
9060 | 8800 | 8300 | 7350 | 5860 | 3600 |......
8990 | 8630 | 8140 | 7480 | 6260 | 4700 | 1200
gooo | 8740 | 8220 | 7430 | 6420 | 4880 | 2160
8990 | 8670 | 8140 | 7550 | 6330 | 4830 | 1200

8710 | 8390 | 7830 | 6880 | 5460 | 2990 |......
8760 | 8510 | 7710 | 6500 | 4590 | 720 [.eu...
8420 | 7960 | 6910 | 5220 | 2100 [e.eeerfunn...

7890 | 7290 | 5960 | 3390 |ee.... B ETTPPES R
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Representing the illumination intensities of Table VII by I,
the illumination on a horizontal surface, /,, and on a vertical
surface, / , may be obtained by the equations

h =1, sina (1)
Iy = I, cosa cosa (2)

where ¢ is the altitude of the sun, and « is the difference be-
tween the sun’s azimuth and the azimuth of a line normal to the
vertical surface. The surface will be illuminated by the sun only
when the value of a is less than go°.

Adding the values of I, to the skylight-illumination values for
corresponding days and hours given on Figure 10, we obtain the
total daylight illumination on a horizontal surface for a cloudless
sky of average brightness at latitude 42° N., which is charted on
Figure 19.

Similarly, by adding the values of / for vertical surfaces facing
the eight principal points of the compass to the skylight illumina-
tion for corresponding days and hours given on Figures 11 to 16,
inclusive, we obtain the total daylight illumination on vertical sur-
faces facing south; southeast A. M., or southwest P, M.; south-
west A. M., or southeast P. M.; east A. M., or west P. M.; north-
east A. M., or northwest P. M.; and north; as given on Figures
20 to 25, inclusive.

It is to be noted that with north solar declination all vertical sur-
faces receive direct solar radiation during only a part of the day.
During the remainder of the day the total daylight illumination
is the same as the skylight illumination on Figures 11 to 18, in-
clusive.

The data of Figures 1 to 25, inclusive, assume that the surface
under consideration has an unobstructed exposure to the sky.
Where a part of the sky is cut off by adjacent buildings or other
obstructions, the shading effect of such obstructions may be deter-
mined by the method given in the previous report.®

This shading effect, and also the reflection of daylight from
surrounding objects, will receive more detailed consideration in a
later report.

S;TRANS., Hlum. Eng. Soc., Vol. XVI, p. 270; Mo, Weather Rev., Sept., 1921, 49,
p. 486.
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Fig. 20.—Total daylight illumination on a vertical surface facing south with
, cloudless sky at latitude 42° north. Foot-candles.
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Fig. 21.—Total daylight illumination on a vertical surface facing southeast,
A. M., or southwest, P. M., with a cloudless sky at latitude 42° north. Foot-candles.
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Fig. 2z2.—Total daylight illumination on a vertical surface facing southwest,
A. M., or southeast P. M., with a cloudless sky at latitude 42° north. Foot-candlés.
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A. M., or northwest P. M., with a cloudless sky at latitude 42° north. Foot-candles.
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Fig. 26.—Determination of the angle of incidence of solar rays with a sloping
surface.

DAYLIGHT ILLUMINATION ON SLOPING SURFACES

The intensity of solar radiation on surfaces sloping in different
directions should be of importance to agriculturalists and engi-
neers.” Illumination intensities on such surfaces are of especial
interest in connection with the lighting of industrial plants by
means of the so-called saw-tooth-roof construction.

The computation of direct solar illumination on sloping surfaces
presents no special difficulties. Let v, Figure 26, represent the
angle between the sloping surface and a horizontal surface; w,
the difference between the azimuth bearing of AF, the intersec-
tion of these two surfaces, and 4B, representing the sun’s azi-
muth; and #, the angle between the intersections of a plane in
the sun’s vertical with the sloping surface and with a horizontal
surface. Then

tan x = sinwtanv, and e =—a + x (3)°
"Mo. Weather Rev., Nov., 1919, 47, p. %81.
8In Daylight »s. Sunlight in Sawtooth-Roof Construction., T'ransactions Ameri-

can Society of Mechanical Engineers, 40, pp. 603-625, W. S. Brown derives this
equation as follows:

AE _cosv . 4E— EDcotw.
ED sin v
Similarly, 48 = ED cot x; and sin w = AE _ c0t? from which tan x = sin w tan v,
AB cot x
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where a is the altitude of the sun and o’ is the angle between the
incident solar rays and the sloping surface.

To obtain the intensity of solar illumination on a sloping sur-
face we have only to substitute a’ for a in equation (1).

We may also obtain a’ by first determining the latitude and
longitude of a point at which a horizontal surface is parallel to
the sloping surface, by the method given in the Monthly Weather
Review, November, 1919, 47, p. 781.° Making allowance for the
difference in time represented by the difference in longitude of
the sloping surface and its parallel horizontal surface, we may
obtain directly from an altitude table the altitude of the sun at
the latitude of the horizontal surface, and therefore the angle a’
which the incident solar rays make with the sloping surface at any
hour of any day of the year.

The computation of the skylight illumination on sloping sur-
faces requires the replotting of the sky-brightness measurements
for each surface considered.

Figure 27 shows the data for a clear sky with the sun at altitude
40°, projected on a surface for which 90° —w = 45° and v = 10°
(surface 80° out of the vertical and facing 45° in azimuth from
the sun). In this case the zenith of the sky falls 10° from the
zenith of the sloping surface. The line of the horizon from azi-
muth 4+ 45° to — 135° with reference to the sun, and the lines on
which the sky-brightness measurements are to be plotted, have
been determined by means of the methods given under Solution
of Problems in Stereographic Projections” (pp. 52-58), in General
Theory of Polyconic Projections, by Oscar S. Adams, United
States Coast and Geodetic Survey, Special Publication No. 57,
Serial No. 110.

®Nore.—In lines 15 and 16 from the bottom of the second column of the page
referred to, the words ‘longitude” and ‘latitude” should be interchanged. The
difference in latitude between the sloping surface and its parallel horizontal surface
is given by the equation
tan A ¢ = SO5 &,
cot v
and the difference in longitude by the equation
sin A A = sin o’ sin v
where @' {s the azimuth in which the sloping surface faces, and v its angle of slope.
When o' = o®or 180°, sin A A = o, and tan = tanwy. That is, the sloping surface
and the parallel horizontal surface have the same longitude, and the difference in
latitude equals the angle of slope, ».
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Fig. 27.—Stereographic projection of sky-brightness measurements on a sloping
surface.

It is to be noted that the location of the line of the horizon
consists in passing a circle through two given points, when the
center of the circle falls on a given line. Or, it may also be de-
termined by passing a circle through three given points, as is the
location of the lines on which the sky-brightness measurements
are to be plotted.

On Figure 27 the brightness of the entire sky is shown with the
exception of a spherical lune which falls below the plane of pro-
jection on the sidle WNE.,, and for which the maximum width is
10° at N. The sky-brightness values that have been obtained by
measurement on the half of the sky on one side of the sun’s verti-
cal have been plotted on both sides of this vertical.

In Tables VIII and IX is given the total (solar 4 sky) illumi-
nation on surfaces sloping in southerly directions, as indicated.
In Tables X and XI is given the skylight illumination on surfaces
sloping in northerly directions as indicated. In Table XII is
given the ratio of the total illumination to the sky illumination on
surfaces facing opposite each other in azimuth.
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TABLE VIII.—ToTAL ILLUMINATION ON SURFACHS SLOPING SOUTH

Hour angle of the sun from meridan
Date ° ‘ ! 2 ’ 3 ’ 4 l S 6 ' ’
Foot-candles
Surface sloping 10° from horizontal
Dec. 21 .cvnnants 5,220| 4,810| 3,800| 2,280 656
Jam. 21........... 6,000{ 5,590| 4,560| 2,910| I,140
Feb, 21........... 7,890] 7,520 6,280} 4,480} 12,240
Mar.21..0-vun.... 9,250| 8,800| 7,660| 5,880| 3,660
Apr.21-.......... 10,230| 9,780 8,700| 7,040| 4,910
May 21.-.-c0n.nnn 10,690(10,280| 9,IT0| 7.530| §,570
June2r........... 10,980|10,530| 9,460| 7,830( 5,820
July 21....... ... 10,820(10,390| 9,270{ 7,610] §,700
Aug.2r... ...l 10,050| 9,660, 8,580! 6,920 4,790
Sept.zr........... 9,150 8,730| 7,730| 5,910{ 3,720| 1,680 98|
Oct, 21...... 7,550] 7,220| 6,090| 4,280| 2,250 440|+ cverfocenns
NOV.2I..cevnsvnnn 6,060| 5,640} 4,590] 2,890| I,070[+ccccelecracelecancs
Surface sloping 20° from horizontal
Dec. 21 vveuvenens 6,300 5,820| 4,690 2,890/ QOO|.veu..fiiaiia]iaannn
]an. 2l ceveee-vne 7,970 61600 55460 3’600 1,490 veccciovecnc]enanes
Feb. 21...... 8,870| 8,500| 7,140| 5,120| 2,910 600].cc..c]|ceeenn
Mar.2t...coocovue 10,050| 9,550| 8,250| 6,310| 3,940| 1,630 LA CEEREE
Apr.21.-...e. oo 10,770]10,310} 9,050| 7,250| 4,950 2,540 630f......
May 21..euenennsn 11,060(10,490| 9,230 7,510| 5,400 3,100] 1,180 141
June 21. . ceeoe ... 11,260/10,640| 9,460| 7,750| 5,610| 3,360 1,380| 232
July 25.ceceennnne 11,180(10,590| 9,320| 7,580! §5,570| 3,220 1,190| 156
AUZ. 2T ceeennnnnn 10,590(10,090| 8, 7,120 4,830( 2,540| 620|......
Sept.21..ccennn..n 9,930 9,450 8,310{ 6,360| 3,980| 1,680 Gr|ecenee
Oct. 2T.cuvnnnrnns 8,510| 8,130| 6,890| 4,920] 2,630| 550|c-..ecfeennn.
NOV. 21+ evnrnennn 7,130{ 6,660| 5,500| 3,580 1,380|.cccfoeninalinnnn.
Surface sloping 30° from horizontal
Dec.21...c... ... 7,220| 6,6801 5,410] 3,440| 1,140 cccere|oeeerifinnnes
Jan. 21...cc.o ... 7,790| 7,360 6,190| 4,150] 1,820/ ccevi|erenciennans
Feb, 2T-cveenr on .. 9,690| 9,220| 7,720! §,680]| 3,250 720 ceacccfuenn..
Mar, 21. .|10,640| 9,990| 8,590| 6,550 4,110] 1,700 50} ccness
Apr.2r....... .00 11,7100|I0,340| 9,040 7,120] 4,870 2,390 470}cv....
May 21..cooe. ... 10,960(10,320| 8,990] 7,260| 5,100{ 2,740 875| 134
June 21. ......... 10,970{10,320| 9,150| 7,420| 5,200| 2,960| 1,040| 230
July 2t. .o lns 11,060{10,400| 9,120 7,300| §,220| 2,870 880| 156
Aug.21.--coo i 10,910(10,210| 8,900} 7,020| 4,650| 2,650 500].eeesn
Sept.2l:ceecesoins 10,520{ 9,860 8,660] 6,650} 4,180} 1,800 62|ceeres
Oct. 2Xc-ceeeerunn 9,250} 8,790| 7,420]| 5,380]| 2,940 650 ccccne]ennnns
NOV. 2T+ cvvonvenas 3,050| 7,410 6,230] 4,160| 1,680 ccevifence |un.n...
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TABLE X.—SKYLIGHT ILLUMINATION ON SURFACES SLOPING NORTH

Hour angle of sun from meridian

o |2 |s |||
Date
Foot-candles
Surface sloping 10° from vertical
DeC. 21evecesssnns 310 | 310 285 | 221 T15 [eceesr|ovonseforene
Jan. 21-... 320 | 330 310 259 I60 [eceaco]encasslocenns
Feb. 2I.ceveuccens 340 | 352 | 348 | 340 | 293 | TI2 [eeeeecieceees
Mar. 2Icceeeceenn 421 | 428 | 406 | 429 | 436 | 327 48 |-.eee
Apr. 2Icceseesvene 520 | 540 | 562 | 564 | 550 | 485 | 346 |-e---.
May 21 cocveeones 554 | 600 | 660 | 685 | 641 | 650 | 590 228
June2r ... s8c | 640 | 758 | 770 | 740 | 790 | 719 | 365
July 2T.cceeeeeees 580 | 635 733 | 730 | 712 [ 700 630 | 288
Aug. 2T ceeecenens 570 | 605 | 610 | 635 | 629 [ 560 | 37I le.. -
Sept.2I:ceecesvnse 468 | 480 | 462 | 494 | 487 | 354 72 fe-eens
Oct. 2T-.cveeecens 368 | 386 372 | 374 331 T47 Jeeeece]oceees
Nov. 2I-.. 333 | 343 328 | 270 167 Jeeenss veeens .
Surface sloping 20° from vertical
DeC. 2T.vecsensens 355 | 350 | 320 | 236 112
Jan. 2T...ceceeace 362 | 365 355 276 172
Feb. 2I..ccccevees 390 | 400 | 410 | 395 294
Mar, 2T..c-osreone 489 | 498 | 471 516 | 486
ApL. 2T cueeenones 619 | 635 | 638 | 640 | 642
May 2I.cecccvsess 660 | y20 | 782 | Bos | 759
June 2I....... ....| 6981 777 | 888 | go1 | 956
July 2I.cceeeeeses 691 | 760 | 874 | 860 | 834
Aug.2Iceceeoenene 671 | 710 | 715 | 730 | 730 | 660 { 418 [......
Sept.2I.cceeunnnns 542 | 560 538 558 555 | 411 60 |recece
Oct. 2Tceeeecesnes 430 | 446 460 | 420 338 122 fececas|eosnne
NOV. 2T+ eeeeesves 378 | 394 | 366 | 278 182 [eoreceoneacalonents
surface sloping 30° from vertical
380 345 255 20 [eenoes Jeocecs|oncons
407 384 | 302 172 [eevesefocerne|ennens
450 | 441 | 424 | 341 T47 {eeecne]oncens
575 524 | §72 582 451 47 loveees
760 | 742 | 753 | 745 | 651 | 409 |......
873 g13 | 882 898 | 871 643 200
920 |1,035 {1,028 [1,035 |1,004 | 770 | 337
o17 | 998 | 990 | 980 | 962 | 655 | =217
870 840 | 837 850 | 735 | 442 [eee---
645 596 | 630 | 626 [ 465 58 1eeeene
497 502 | 472 378 189 |eevver]onanns
423 | 417 | 323 | 200 jeeceac]esens N E
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TABLE XI.—SKVYLIGHT ILLUMINATION ON SURFACES SLOPING
NORTHEAST OR NORTHWEST

Date

Hour angle of sun from meridian

7(sf[sfafsfafrfo]rfz]sfelsf6]7

A. M., sloping NE.; P. M., sloping
Nw.

P. M., sloping NE.; A. M., sloping
NwW.

Foot-candles

Surface sloping 10° from vertical

Dec. 21
Jan. 21

Aug. 21

Feb.21 .
Mar. 21 .
Apr. 21 .
Mayar .
Junear .
July 21 .

Sept.21 . .
Oct. 21 . .
Nov, 21 . .

Dec. 21 . .
Jan, 21 . .
Feb. 21 .

Mar. 21
Apr. 21

May a1 .
Junezr .
July 2r . .
Aug.21 . .

Sept.21

Oct. 21 .

Nov. 2t .

EEEEE R

Dec. 21 . .
Jan. 21 . .
Feb, 21 . .
Mar.21 . .
Apr. 21 . .
May 21 . .
Junezr .

July 21t
Aug. 21

Sept.27 .

Oct. 21

Nov.21 . .

agsll

450
60
450

.I:;o
165
115

755
1,050
1,359
1,220

100

202]
625
919
1,329
1,509}
1,500]
1,085}
749
218

220
285
530
840
950

1,359

1,450

1,400

1,270|
960|
580
326

320
45!
63
975
1,200
1,
HEr
1,400}
1,329
810
784
510

430
550
645
980
1,050
1,300
1,350
1,320
1,200,
857
750
620

420
448
491
640
824
888]
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TABLE XII.—RATIO OF TOTAL ILLUMINATION, T, TO

Sky ILLUMINATION, S

CLOUDLESS SKY, LATITUDE 42° N.

Hour angle of sun from meridian
Date o 2 4 4 s 6 .
T, vertical surface facing south; S, vertical surface facing north
Dec. 21.c0vcvenn - 29 27 22 22| 16 feeeooifeeaiii]anatn
Feb. 21.......... 28 26 22 17| 12 8 |eee..n ceeen
Apr.21.......... 13 12 10 7 4 1.4 0.3 feoenes
June 21.......... 9 7 5 3 1.1 0.3 0.2 0.1
Aug. 21 PN 12 1I 9 6 3 1 0.5 |eeonne
Oct. 2Ieveenonn.. 25 23 20 151 II L T T
T, surface sloping south 10° from horizontal; 8, sloping north
10° from vertical
Dec, 2I..vvvunn. 18 16 13 10 6 {eeaceafane R
Feb. 21.......... 23 21 18 13 8 4 |vecoeefacnnen
Apr.2T.......... 20 18 16 12 9 5 2 |eeee..
June 21.......... 19 16 12 10 8 5 2 0.8
Aug. 21 ... ... 18 16 14 11 8 51 2 |eeeens
Oct, 2I..v0nu.... 20 19 16 11 7 [ 3 PR PO
. surface sloping south 30° from horizontal;
S, sloping north 30° from vertical
Dec.21..vvv. ... 19 18 16 14 10 {eeeveclonnnn. PP
Feb. 2Te.evennn.. 22 20 18 13 10 5 lecenea]|oonans
Apr.2r.ceeenen.. 15 14 12 10 6 4 1.2 [eeeens
June 21.... ...l i3 II 9 7 5 3 1.4 0.7
Aug.2Ievecannnns 13 12 11 8 6 4 b 95 O RN
Oct. 21. 20 18 15 11 8 3 [eeeen.
HOUR ANGLE OF SUN FROM MERIDIAN
74 6 4} 31 21 |o |1 f2 |3 [ 4 5 | 6 ’ 7
T, surface facing SE., A. M., T, surface facing SW., A. M.,
Date or SW., P. M. or SK., P. M.
S, surface facing NW A.M, S, surfacefacing NE., A. M.,
or NE., P. or NW, P, M.
Surfaces vertical
Dec. 2Tceeeeaces|ons|oon]enn 282928 124120127 |2 |o.[.--].-.]...
Feb, 21.cccvvaas] eoe|ens 30|28 28124 | 19110 |4 |0.9l0.6/0.5]...]...
Apr. 2I..... 14 {17 |22 |21 |17 {13 | 9| 4 [0.9]0.6[0.4|0.3] 0.3|...
June 2r...... 6| 8irr 16|14 (11| 9 616070503030303
Aug. 21.-- rr 1518 (18 (15|12 | 8| 3 |0.90.6[0.4]0.3{0.3|..
OCt, 2Tercecvooc] anefens 25125 (24 |20 {16 | 9 [4 ]o.9{0.6]0.5|...]...
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TABLE XII.—(Continued)—RAaTIO OF TOTAL ILLUMINATION, T, TO
Sky ILLUMINATION, S

HOUR ANGLE OF SUN FROM MERIDIAN

211 olI

5 413

23'45 6|7

Date 7 l 6

T, surface sloping 10° from horizontal; S, 10° from vertical

Dec 2Iceccscees confoacleest 814 13 j15 {1421 | 8|6 | 2 feee]e
Feb. 2I.ccacceee eeef-ee] 8113)16 |19 |21 |20 15|11 ) 7 | 4 |1.2{---]|--
Apr. 2I.c.caeenn .. 6l10|15 (18 {19 {1817 [13|10| 6 | 4 |2 [O.5(--
June 2X.ccevvnnn 3| 6|1of14j16 17 l17({16)11}| 85| 4 (2 |o.9/0.4
Aug. 2Teesecenes .ol 41 91316 |17 118 |15]|11) 8|6} 4 |2 {o.4|--
Oct: 2Icceece-ss cocfess] 7112 |15 {1920 (18|12 91 6 | 3 [I.0}.-.|-

T, surface sloping 30° from horizontal; S, 30° from vertical

Dee. 21.0ceuvres ceeleeeferir2 |16 (17 (16 |14 |10 8 [ 5 [0.8] -] - )ee-
Feb. 21.....4--: veele.s14 [18 [18 |20 |20 |17 {12 | 8 | 4 {1.6/0.9}- .-
Apr. 21.....50¢- ooof 812015 (17 (16 |14 12| 9| 7 | 4 |2.4]0.6]0.3|---
June 2t.....-... 4| 7| 9l13 (13 |13 (13|11} 8 5| 4 [1.9]0.7|0.3/0.3
Aug. 2I..ce.cveee |ouof 7(10|13 |14 |14 {12 (11| 8| 6 | 3 [1.7|0.5{0°3}- -
Oct. 21......... ceu|ees]12 |16 {16 (X7 )17{16| 8| 6 | 4 |1.4]0.7]-|---

Table VIII shows that in general on surfaces sloping south and
with south solar declination the total illumination increases with v.
With north solar declination the illumination reaches a maximum
in the middle of the day when v equals about 20°, and decreases
as v increases with the sun near the horizon.

Table IX shows that in the morning on surfaces facing south-
east, and in the afternoon on surfaces facing southwest, there is
an increase in the total illumination with increase in v, except
- near midday in midsummer with v greater than about 20°. Also
in the morning, on surfaces facing southwest, and in the afternoon,
on surfaces facing southeast, the illumination generally decreases
with increase in v, except near midday with south solar declina-
tion.

Tables X and XI show an increase with v in skylight illumina-
tion on vertical surfaces sloping northward, as one would expect.
It must be remembered, however, that with saw-tooth construc-
tion a very considerable part of the skylight is cut off by shading.
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This is unimportant when considering the total illumination on
surfaces sloping in a southerly direction, but becomes important
in connection with the skylight illumination on surfaces facing
towards the north, since it is the brightest part of the sky that is
cut off.

Let it be assumed that the ridges of the saw-teeth of the roof
are horizontal, and of infinite length, and let § — the maximum
angular width of the spherical lune of the sky cut off. Then
Table XIII gives the percentages of decrease in the skylight illu-

TABLE XIII.—SHADING EFFECT IN SAW-T0OTH R0OOF CONSTRUCTION

Solar altitude
90C—z1. ]
20° 40° 60° 70°
PERCENTAGE OF SKYLIGHT CUT OFF
° Surface 10 degrees out of vertical °
180 32 24 20 17 10
135 26 25 18 17 10
90 2§ 19 17 15 10
Surface 20 degrees out of vertical
180 43 | 37 | 3 25
Surface 30 degrees out of vertical
180 39 33 24 21 20
135 38 28 23 21 20
9% 34 26 24 18 20
180 53 44 33 31 30
135 50 4r 33 28 30
9o 46 37 33 30 30
Surface 6o degrees out of vertical
o 19 1I 6 6 10
45 14 9 6 5 10
90 9 7 S 4 10
o 53 39 23 21 30
45 44 32 22 21 o
90 28 22 18 16 go
Surface 8o degrees out of vertical
o 1I 6 3 3 10
45 9 5 3 3 10
9o 4 3 2 2 10
o 35 29 18 15 30
45 32 21 13 12 30
90 16 12 10 9 30
o 64 54 36 30 50
45 55 42 28 27 50
90 30 23 20 19 50
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Fig. 28.—Cross section of a saw-tooth roof.

mination,® due to shading by the adjacent saw tooth.

Table XII shows that during most of the working hours of the
day (except in midsummer) the total daylight illumination on
surfaces sloping southward exceeds by more than tenfold the sky-
light illumination on surfaces sloping northward.

Computations from the sky-brightness data given in TraNs-
Acrions, Illuminating Engineering Society, Vol. XV, p. 260, Fig-
ures 6 and 7, show that skylight illumination on vertical or sloping
surfaces facing away from the sun is about twice as intense when
the sky is covered with thin clouds or haze or partly covered with
white clouds, which is its usual condition, as when clear. The
total (solar + sky) illumination on surfaces facing the sun is
usually diminished by the presence of haze or clouds of the above
character. In consequence, when the angle w lies between about
45° and 135°, the ratios of Table XII will be diminished, on the
average, by at least one-half, and will vary in value from their
maxima with clear-sky conditions, given in Table XII, to about
2 for a sky completely covered with dense clouds. This will
be made clear from a comparison of the sky-brightness data of
Figures 4 (opposite p. 259) and 13 (p. 263) with Figures 6, 7
and 8 (p. 260) and 11 (p. 262), TraNsacrioNs, Illuminating
Engineering Society, Vol. XVI, October, 1921, and Figure 3 (p.
442) of this paper; and by reference to the illumination intensities
of Table IV (p. 443) of this paper.

These ratios are of use in computing the daylight that can be
made available for illuminating working space in a building
through saw-tooth-roof construction. In general, there are two
sources from which the light may be obtained as follows:

%The percentages of Table XIII have been computed from Figure 27 and other
similar figures. See also TrANs., Illum. Eng. Soc., Vol. XVI, p. 270 and Mo. Weather
Review, Sept., 1921, 49, p. 485. :
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(1) Light from the northern sky incident at the working
space, or reflected thereto from the ceiling of the saw-tooth roof
(sky angles S, to S,, and S, to S”/,, respectively, Figure 28).

(2) Solar and skylight reflected from the outside surface of
the saw-tooth directly to the working space, or through a second-
ary reflection from the ceiling of the saw-tooth roof (roof angles
t, to o, and ¢’, to ¢/, Figure 28).

It is to be understood that the angles here shown are cross-
sections of spherical wedges.

Assuming the ratio of the intensity of the total light reaching
the southerly-sloping roof surface of a saw-tooth window, AB
(Figure 28) to the light received from the sky on the northerly-
sloping window surface C’D’ (Figure 28) to be 4, Brown* com-
puted the relative values of (1) and (2) to be 14.6 and 6.1,
respectively.

Let us consider a saw-tooth construction that gives a window
surface facing north and sloping 20° from the vertical, and a roof
surface sloping south 20° from the horizontal. ILet the latitude
be 42° north, the sky clear, the date March 21, and the hour 10
A. M, or 2 P. M., apparent time. The solar altitude will be 40°
and its azimuth 41°. Disregarding shading, Tables VIII and X
give 8,250 and 471 foot-candles for the illumination intensity on
the roof surface and the window surface, respectively, the ratio
of the former to the latter being 18.

The ridge of the adjacent saw tooth would cut off from the
window a spherical wedge near the horizon for which the average
value of ¢ would be about 10°. The window is facing 139° from
the sun, and from Table XIII it is estimated that the shading by
the roof diminishes the skylight illumination at the window sur-
face 20 per cent. The roof between B and E will be in sunlight,
and between E and A it will be illuminated by skylight only. We
may therefore disregard the small quantity of light this latter can
reflect to the under side of A’B’. The skylight from a spherical
lune near the southern horizon for which 6 averages about 30°
will be cut off from BE by the adjacent saw tooth. From Table
XIII we estimate that the illumination from skylight will be de-
creased by about 27 per cent. Therefore, the available sky illu-
mination on the north-sloping window surface is 471 X 0.80

1Y oc. cit., p. 620.



474 TRANSACTIONS L E. S, MAY, 1g23

== 377, and on the south-sloping roof surface it is 1,100 X 0.73
= 800 foot-candles. The total illumination on the south-sloping
roof surface is 7,950 foot-candles, and its ratio to the illumination
on the window surface is 7,950/377 — 21. Substituting this
value for 4, we obtain for the relative values of (1) and (2) 14.6
and 32, respectively. Or, if we suppose the sky to be covered
with thin clouds, or partly covered with white clouds the values
become 11.6 and 16. ,

Apparently, therefore, for clear-sky conditions, or even for
the most usual sky conditions, when thin clouds or haze, or
scattered white clouds are present, most of the daylight received
through a saw-tooth-roof window will be from the reflection of
skylight and sunlight from the roof of an adjacent saw tooth. In
cloudy weather, however, nearly all the light will be received from
the northern sky.

No attempt has been made to express the illumination intensity
at the working space in absolute units. In order to do so, it is
necessary to know the average of the solid sky angles S, and S,,
and of S’, and S”’, (Figure 28); the brightness of the sky in-
cluded in each of these angles, from which the sky illumination
may be computed ; the solar illumination intensity on the roof sur-
face BE ; the solid roof angle ¢, and the average of the solid roof
angles #/, to t’/, ; the coefficients: of reflection of the surface of the
ceiling A’B’, and the roof, BE; the solid angle subtended by the
ceiling at the working space, and the angle at which light is in-
cident at the roof or the ceiling, and is received at the working
space either directly or by reflection from the outside roof or the
inside ceiling.

Of the above factors the brightness of the sky and the intensity
of the solar illumination are given with reasonable accuracy in
this paper for latitude 42° N. The remaining factors depend
upon the design of the saw-tooth roof and its window openings,
and must be determined for each individual case.

During the winter months, in a smoky city like Chicago, disre-
garding the probable decrease in the reflecting power of the ceil-
ing of A’B’, and the roof surface BE, the absolute values of
(1) and (2) can not exceed two-thirds and one-half, respectively.
of their values in a comparatively smokeless region.



